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The velocity vectors of the By Coulomb's law the electro- The electrostatic field F that
fluid particles are tangent static field resulting from a results from two charges of
to the streamlines. single positive charge is an equal strength but opposite
inverse-square field in which F polarity.

is the repulsive force on a
small unit positive charge.

(a) (D) ()
A Figure 15.6.1

If a bug starts at P with its back facing

you and makes one circuit around the B
strip, then its back will face away from

you when it returns to P.

(a) (b
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These ideas lead us to the following problem.

15.6.1 PROBLEM Suppose that an oriented surface o is immersed in an incompress-
ible, steady-state fluid flow and that the surface is permeable so that the fluid can flow
through it freely in either direction. Find the net volume of fluid ® that passes through
the surface per unit of time, where the net volume is interpreted to mean the volume
that passes through the surface in the positive direction minus the volume that passes
through the surface in the negative direction.

To solve this problem, suppose that the velocity of the fluid at a point (x, y, z) on the
surface o is given by

F(x,y,2) = f(x,y, i+ g(x,y,2j+h(x,y,2k

Let n be the unit normal toward the positive side of ¢ at the point (x, y, 7). As illustrated
in Figure 15.6.7, the velocity vector F can be resolved into two orthogonal components—
a component (F - n)n that is perpendicular to the surface o and a second component that
is along the “face” of 0. The component of velocity along the face of the surface does not
contribute to the flow through o and hence can be ignored in our computations. Moreover,
observe that the sign of F + n determines the direction of flow—a positive value means the
flow is in the direction of n and a negative value means that it is opposite to n.
To solve Problem 15.6.1, we subdivide o into n patches oy, 03, .. ., 0, with areas

AS1, ASy, ..., AS,

If the patches are small and the flow is not too erratic, it is reasonable to assume that the
velocity does not vary much on each patch. Thus, if (x}, y{, z;) is any point in the kth
patch, we can assume that F(x, y, z) is constant and equal to F(x}, y;, z) throughout the
patch and that the component of velocity across the surface oy, is

FOg, v 20) - mOes v 25) @)
(Figure 15.6.8). Thus, we can interpret
FO, vi0 20 - mOxi, 38 2 ASk

as the approximate volume of fluid crossing the patch oy in the direction of n per unit of
time (Figure 15.6.9). For example, if the component of velocity in the direction of n is
F(x{, ¥, 2f) - m = 25 cm/s, and the area of the patch is AS; =2 cm?, then the volume of
fluid AV} crossing the patch in the direction of n per unit of time is approximately

AV =~ F(xf, yi, 20 s}, yi, 2 ASy = 25 em/s » 2 em? = 50 cm®/s

In the case where the velocity component F(x}, v, zf) - n(xf, y{, z;) is negative, the flow
is in the direction opposite to n, so that —=F(x{, y, z§) * n(xj, y§, 25) ASy is the approximate
volume of fluid crossing the patch oy in the direction opposite to n per unit time. Thus, the
sum n
> Ry, vE 20 s nGg i 20 ASe
k=1

measures the approximate net volume of fluid that crosses the surface o in the direction of
its orientation n per unit of time.
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crossing oy in the
direction of n per
unit of time.

A Figure 15.6.9

If the fluid has mass density §, then
®§ (volume/time x density) repre-
sents the net mass of fluid that passes
through o per unit of time.

If we now increase n in such a way that the maximum dimension of each patch approaches
zero, then it is plausible that the errors in the approximations approach zero, and the limit

n

® = lim Y F(x},y;.25) - nG7, y; 20 ASe 3)
k=1

n—+w

represents the exact net volume of fluid that crosses the surface o in the direction of its
orientation n per unit of time. The quantity ® defined by Equation (3) is called the flux of
F across o. The flux can also be expressed as the surface integral

o= f/ F(x,y,2) *n(x,y,z)dS \J}#ﬂ{vj{ﬂ(@)

A positive flux means that in one unit of time a greater volume of fluid passes through o
in the positive direction than in the negative direction, a negative flux means that a greater
volume passes through the surface in the negative direction than in the positive direction,
and a zero flux means that the same volume passes through the surface in each direction.
Integrals of form (4) arise in other contexts as well and are called flux integrals.
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. Find the flux of the constant vector field F(x, y, z) =

. Find the flux of F(x, y, z) = xi through a square of side 4
. Find the flux of F(x, y, z) = (y + 1) j through a square of

. Find the flux of F(x,y,z)=xi+yj+ > +4k

. Find the flux of F(x, y, z) = 2i + 3j through a disk of

. Find the flux of F(x, y, z) = 9j + 8k through a disk of ra-

. Let o be the cylindrical surface that is represented by the

UM ALY

2i —2j — 2k across the entire surface o in Figure Ex-
1. Explain your reasoning.

in the plane x = —5 oriented in the positive x-direction.
side 5 in the xz-plane oriented in the negative y-direction.

through a 2 x 3 rectangle in the plane z = 1 oriented in
the positive z-direction.

radius 5 in the plane y = 3 oriented in the direction of
increasing y.

dius 5 in the plane z = 2 oriented in the upward direction.

vector-valued function r(u,v) = cosvi+ sinvj+ uk

with0 <u <land0 <wv <27

(a) Find the unit normal n = n(u, v) that defines the
positive orientation of o.

(b) Is the positive orientation inward or outward? Justify
your answer.

9-16 Find the flux of the vector field F across o.

9.

10.

11.

12.

13.

14.

15.

16.

F(x,y,z) =xk; o isthe square 0 <x <2,0<y <2in
the xy-plane, oriented in the upward direction.

F(x,y,z) = 5zi + yj + 2xk; o is the rectangle 0 < x <2,
0 <y <3 in the plane z =2, oriented in the positive
z-direction.

F(x,y,z) = xi+ yj+ 2zk; o is the portion of the surface
z=1—x2—y? above the xy-plane, oriented by upward
normals.

F(x,y,2) = x2i+ (x + €”)j — k; o is the vertical rectan-
gle0 <x <2,0 <z <4inthe plane y = —1, oriented in
the negative y-direction.

F(x,y,z) =xi+ yj+2zk; o is the portion of the cone
2=x2+ y2 between the planes z = 1 and z = 2, oriented
by upward unit normals.

F(x,y,z) = yj+Kk; o is the portion of the paraboloid
7 = x? + y? below the plane z = 4, oriented by downward
unit normals.

F(x, y, z) = xk; the surface o is the portion of the parab-
oloid z = x? + y? below the plane z = y, oriented by down-
ward unit normals.

F(x,y,2) = x2i+ yx j + zxK; o is the portion of the plane
6x + 3y + 2z = 6 in the first octant, oriented by unit nor-
mals with positive components.

17-20 Find the flux of the vector field F across o in the direction
of positive orientation.

17.

18.

19.

20.

21.

22,

F(x,y,z) = xi+ yj+ K; o is the portion of the paraboloid
r(u, v) = ucosvi+usinvj+ (1 —u?k
withl <u <2,0<v <2m
F(x,y,z) =e™i—yj+xsinzk; o is the portion of the
elliptic cylinder
r(u, v) = 2cosvi—+sinvj+ uk
with0 <u <5,0<v <2m.
F(x,y,2) = mk; o is the portion of the cone
r(u,v) = ucosvi+ usinvj+ 2uk
withO) <u <sinv,0<v <m.
F(x,y,z) = xi+ yj+ zKk; o is the portion of the sphere
r(u, v) = 2sinu cosvi+ 2sinu sinvj + 2 cos uk
with0 <u <7/3,0 <v < 2nm.
Let o be the surface of the cube bounded by the planes
x ==+1, y ==%1, z = %1, oriented by outward unit nor-
mals. In each part, find the flux of F across o.
@ F(x,y,2) = xi
(b) F(x,y,2) =xi+yj+zk
(©) F(x,y,2) =x%i+y*j+°k
Let o be the closed surface consisting of the portion of the
paraboloid z = x? 4 y? for which 0 < z < 1 and capped by
the disk x2 4+ y? < 1 in the plane z = 1. Find the flux of the

vector field F(x, y, z) = zj — yK in the outward direction
across o.

23-26 True-False Determine whether the statement is true or
false. Explain your answer.

23.
24.
25.

26.

The Mébius strip is a surface that has two orientations.
The flux of a vector field is another vector field.

If the net volume of fluid that passes through a surface per
unit time in the positive direction is zero, then the velocity
of the fluid is everywhere tangent to the surface.

If a surface o is oriented by a unit normal vector field n, the

flux of n across o is numerically equal to the surface area
of o.

27-28 Find the flux of F across the surface o by expressing o
parametrically.
27. F(x,y,z) =i+ j+k; the surface o is the portion of the

28.

29.

cone z = 1/x2 + y? between the planes z =1 and z = 2,
oriented by downward unit normals.

F(x,y,z) = 3i—7j + zk; o is the portion of the cylinder
x2 + y% = 16 between the planes z = —2 and 7 = 2, ori-
ented by outward unit normals.

Let x, y, and z be measured in meters, and suppose that

F(x, y, z) = 2xi — 3yj + zKk is the velocity vector (in m/s)

of a fluid particle at the point (x, y, z) in a steady-state in-

compressible fluid flow.

(a) Find the net volume of fluid that passes in the upward di-
rection through the portion of the plane x +y +z =1
in the first octant in 1 s.

(cont.)



30.

31.

32.

(b) Assuming that the fluid has a mass density of 806
kg/m?, find the net mass of fluid that passes in the up-
ward direction through the surface in part (a) in 1 s.

Let x, y, and z be measured in meters, and suppose that

F(x, y,z) = —yi+ zj + 3xKkis the velocity vector (inm/s)

of a fluid particle at the point (x, y, z) in a steady-state in-

compressible fluid flow.

(a) Find the net volume of fluid that passes in the upward
direction through the hemisphere z = /9 — x> — y? in
Is.

(b) Assuming that the fluid has a mass density of 1060
kg/m?, find the net mass of fluid that passes in the up-
ward direction through the surface in part (a) in 1 s.

(a) Derive the analogs of Formulas (12) and (13) for sur-
faces of the form x = g(y, 2).

(b) Let o be the portion of the paraboloid x = y? + z2 for
x < land z > O oriented by unit normals with negative
x-components. Use the result in part (a) to find the flux

of F(x,y,2) =yi—zj+8k
across o.

(a) Derive the analogs of Formulas (12) and (13) for sur-
faces of the form y = g(z, x).

(b) Let o be the portion of the paraboloid y = z% + x? for

y < 1 and z > 0O oriented by unit normals with positive
y-components. Use the result in part (a) to find the flux
of F(x,y,2) =xi+yj+zk

across o.

33.

[c] 34.

[c] 35.

36.

37.

LetF = |r||*r, where r = xi + yj + zk and k is a constant.

(Note that if k = —3, this is an inverse-square field.) Let o

be the sphere of radius a centered at the origin and oriented

by the outward normal n = r/||r|| = r/a.

(a) Find the flux of F across o without performing any in-
tegrations. [Hint: The surface area of a sphere of radius
a is 4ma’ ]

(b) For what value of k is the flux independent of the radius
of the sphere?

Let
F(x, y,z) = a’xi+ (y/a)j + az’k

and let o be the sphere of radius 1 centered at the origin and
oriented outward. Use a CAS to find all values of a such
that the flux of F across o is 3.

Let
6
F(x,y,2) = (— + 1) xi —4dayj+ a’zk
a

and let o be the sphere of radius a centered at the origin and
oriented outward. Use a CAS to find all values of a such
that the flux of F across o is zero.

Writing Discuss the similarities and differences between
the flux of a vector field across a surface and the line inte-
gral of a vector field along a curve.

Writing Write a paragraph explaining the concept of flux
to someone unfamiliar with its meaning.



