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x=x(t), y=y(t) (a<t<b)
wagldi 7 (x, y) uaz g(x, y)simﬂawuu%mmﬁmﬁussqLé'uiﬁq C znmun

Jof Geor)gs =) 1 (el (1) {0

Jo Gy = g (x(0.5(0)y @
deyanual L £ (x,y)dx FenaUsnusanudy (line integral) ¥99 £ UWdUlAY CLiigunu x wag
J'C g(x,y)dy Baninusnusanuduves ¢ vudulae Cilguiuy
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YIUMeNVDS ¢ WA dx = x(1)dr WAZ dy = y'(1)dr NNTURIANUSRUSALUNRULYa <7 <b

TnevialuTunsmanswudanuduasdunuunaniy Jsasvinldeei
[/ et gx, vy = f(x,y)de+ | _g(x,p)dy

SENUTEWAY £ (x, y)dx + g (x, y)dy INFURUULTSRYWUS

Mo y! e

A Figure 12.1.9
In particular, if ry and r; are vectors in 2-space or 3-space with their initial points at the

origin, then the line that passes through the terminal points of these vectors can be expressed
in vector form as

r=ryg+1(r; —rp or r=(1—0tryg+1tr; (6-7)

as indicated in Figure 12.1.9.

It is common to call either (6) or (7) the two-point vector form of a line and to say, for
simplicity, that the line passes through the points ry and r; (as opposed to saying that it
passes through the terminal points of ry and ry).

It is understood in (6) and (7) that ¢ varies from —o to +o. However, if we restrict ¢ to
vary over the interval 0 < ¢ < 1, then r will vary from ry to r;. Thus, the equation

Wk
P GoOTE bsieh), &

represents the line segment in 2-space or 3-space that is traced from rg to r;.



» Example 5 Evaluate fc 3xydy, where C is the line segment joining (0, 0) and (1, 2)
with the given orientation.

AY
(a) Oriented from (0, 0) to (1, 2) as in Figure 15.2.6a. 2| (1, 2)
(b) Oriented from (1, 2) to (0, 0) as in Figure 15.2.65b.
C
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2xydx+ (x> + y* \dy
I ( ) wt) yeh
UuLﬂuTﬂQ?IEN’NﬂaﬂJC'VIﬂ’]‘WLIﬂIﬂSJx cost, y =sint a195U 0<t<5

1 - ’a.x,gdau. C)c ) )dﬂ S&ngx, +J'Cx, Y )J’j

C
¢ ‘E
4 E} s-‘*ﬂdx— = j&m*)gd')x«d)cbl'

1
x=cost,y=sint(0 < t<7/2) G/ t-o
t-1|’

woint 3 d et dboca| = [aebaint Csibdt
dt o t=o
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» Example 7 Evaluate
/(3x2 + y2) dx +2xydy
€

along the circular arc C given by x = cost, y = sin7 (0 < ¢t < n/2) (Figure 15.2.11).
AY

c Ni’b‘ s(s\tkt;‘)h +awydy 25"(311‘;15\)&1 +fu\9dﬂ
c c___ ¢
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J‘C(x2 +y)abc+(x2 +y)dy

vudulasasnisluan y=x* 3n3a (0,0) lUdsga (2,4)
—

= ] RO A 40 e '\vm =xr
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c tso t=o
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(a) x=cos(2t), y=sin(2t) e 0<s S%
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. s 37w
(c) x—cos@, y =sin(-1) WD 7£t£27z )
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fcf<x,y)dx+g<x,y>dy=—fcf<x,y>dx+g<x,y)dy 5

A
A Figure 15.2.10
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» Example 10 Evaluate AY

/xzydx+xdy
c

B(1, 2)

where C is the triangular path shown in Figure 15.2.17.
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I INTEGRATING A VECTOR FIELD ALONG A CURVE
There is an alternative notation for line integrals with respectto x, y, and z thatis particularly
appropriate for dealing with problems involving vector fields. We will interpret dr as

dr =dxi+dyj or dr=dxi+dyj+dzk
NSNS
depending on whether C is in 2-space or 3-space. For an oriented curve C in 2-space and

a vector field . .
F(x,y) = f(x, y)i+ g(x, y)j

. . PPN NP NN N
we will write

F-dr = /C e D el ) (e ol = /C G, y)dx + g, y)dy  (26)

C o

Similarily, for a curve C in 3-space and vector field
F(x,y,2) = f(x,y, i+ g(x, y,2)j + h(x, y, D)k

we will write

f F:dr = f(f(x, v, )i+ g(x,y,2)j+ h(x,y, 2)K) - (dxi+dyj+ dzk)
G G @7)

= / TG ) b3 == 67 3 AR S e Vs )
(04

With these conventions, we are led to the following definition.

15.2.2 DpEFINITION IfF isacontinuous vector field and C is a smooth oriented curve,
then the line integral of F along C is

F - dr (28)

C“ ~

The notation in Definition 15.2.2 makes it easy to remember the formula for evaluating
the line integral of F along C. For example, suppose that C is an oriented curve in the plane
given in vector form by

r=r()=x(@i+y@®j (a=<r=b)

If we write
F(r(1)) = f(x(2), y(@)i+ g(x(2), y(1))j
then

b
/ F-dr = / F(r(t)) - ¥ (1) dt (29)
€ a




» Example 8 Evaluate fc F - dr where F(x y) = cos xl + sin xJ and where C is the
given oriented curve. Vectors not to scale

\L;—r‘) wehH y
@ C:r@t) =—=i+1tj 1 <r=<?2) (see Figure 15.2.12a) —/

Y

(b) C:r(t)=ti+1*j (—1<t<2) (seeFigure 15.2.12b)
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Sevulugudinnuadennlsiasulag

x=x(t), y=y(), z=z() (a<t<bh)

WAz f(x,,2), g(x,,2) Wag h(x,y,z) Duienduidollosuuudianiivisg Cudazimvun

[ rGy.2dx = £ (x@).y0). 20 @)t
[ g2y = g (x(0). 7). 20y ()t

b
[ e, v, 2)dz = [ (x(0), y(0),2(0) ) ()t
[ £ Ce . 2)dx+g(x, y, 2)dy+ hix, y,2)dz

= L f(x,y,z)dx+ L g(x,y,z)dy+ Lh(x,y,z)dz

Al
F(x,p,2) = f(x,y,2)i +g(x,y,2) ] +h(x,y,2)k
F(0) = x(0)i + y(t) ] + z(0)k
dr =T g dxi+dyj+dzk
dt
walazla

[ Gy, D)+ g(x,y, 2)dy + h(x, v, 2)dz
Fengtiu azld9n

L f(x,y,z) dr= Lh
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F(x(t), y(t),z(t))-%}dt
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129874 4.1.8 231161 [ F-dr 81 F(x,y,2)= yzi+xzj+xpk uas CiudulAedisnuundag

) =ti+tj+k (0<t<1)
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29814 4.1.9 aawnAn jCF-d? 8 F(x,y,2)=(y—2*)i+(z=»*)j+(x-2*)k uaz Clwdulhe

ANWUARY #(1)=ti+12j+k (0<t<]1)
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7-10 Evaluate fCF - dr along the line segment C from

to Q.
7. F(x,y) =8i+38j; P(—4,4), 0(—4,95) 23-30 Evaluate the line integral along the curve C.
8. F(x,y) =2i+5j; P(1,-3), 04, -3) 23. /(x +2y)dx + (x — y)dy
c

9. F(x, y) =2xj; P(=2,4), Q(-2,11)
10. F(x, y) = =8xi+ 3yj; P(=1,0), Q(6,0)
11. Let C be the curve represented by the equations

C:x =2cost, y=4sint (0<t <n/4)
24. /(xz—yz)dx-l—xdy

C

C:ix=13 y=t (-1<t<1

x =2t, =2 0<r<l1
4 ( ) 25. /—ydx +xdy
(6]

In each part, evaluate the line integral along C.

C : y? = 3x from (3, 3) to (0, 0)
%L(x_ﬁ)ds ®) /;(x_ﬁ)dx 26. /(y—x)dx+x2ydy
c
(©) /(x—ﬁ)dy C:y?=x3from (1, -1)to (1, 1)
C

27. [(x2 + vy dx —xdy
(6]

C : x2 + y* = 1, counterclockwise from (1, 0) to (0, 1)

12. Let C be the curve represented by the equations

x=t, y=3 z=6 O0<t<1)

In each part, evaluate the line integral along C. 28. /; (v —x)dx + xydy
K[ xyztds ) f xy2dx C : the line segment from (3, 4) to (2, 1)
o ¢ 29. /yzdx—xzdy—l—xydz
(© /nyzzdy @ fcxyzzdz Cixme, yme¥, zme ©<t<1)
13. In each part, evaluate the integral 30. / x*dx 4+ xydy + 2 dz
/(3x +2y) i (2x _ y)dy CC: Xx =sint, y =cost, 7 = 12 0<t<n/2)
c

along the stated curve.

(a) The line segment from (0, 0) to (1, 1).

(b) The parabolic arc y = x? from (0, 0) to (1, 1).
(c) The curve y = sin(wrx/2) from (0, 0) to (1, 1).
(d) The curve x = y3 from (0, 0) to (1, 1).

14. In each part, evaluate the integral

/ydx+zdy—xdz
c

along the stated curve.
(a) The line segment from (0, 0, 0) to (1, 1, 1).

(b) The twisted cubic x = ¢, y =12,z = ¢> from (0, 0, 0)
to (1,1, 1).

(c) The helix x = cosnt, y = sinnzt,z =t from (1,0, 0)
to (—1,0,1).



33-34 Evaluate fc ydx — x dy along the curve C shown in the

figure.
33. (a 47 (b) AV
03 = (L
Y \ A
- X . X
w0 - "
34. (a) AV (b) AY
@1 ©, 5)
& X _\ X
S @20 5, 0) T 6,0

35-36 Evaluate fc x?zdx — yx*dy + 3 dz along the curve C
shown in the figure.

35.

1

A

\ Z

1

A 4

X

36.

1

X

A Z

37-40 Evaluate [ F - dr along the curve C.
37. F(x,y) = x%i+xyj
C:r(t) =2costi+2sintj

38. F(x, y) = x2yi +4j
C:r(t)=¢€i+e’'j 0<r<1)

39. F(x,y) = (x> + y)32(xi + yj)

O<t<m

C:r(t)=¢€'sinti+e costj 0<t<1)

40. F(x,y,z) =zi+xj+ yk
C:r(t) =sinti+3sintj+sin’tk (0 <t < n/2)



45-48 Find the work done by the force field F on a particle that
moves along the curve C.
45. F(x,y) = xyi + x?j
C : x = y? from (0, 0) to (1, 1)
46. F(x,y) = (x> + xy)i+ (y — x*y)]j
C:x=t, y=1/t (1<t<3)
47. F(x,y,z) = xyi+ yzj +xzk
C:r(t)=ti+’j+1’k (0<t<1)
48. F(x,y,2) = (x + y)i+xyj— 2’k
C : along line segments from (0, 0, 0) to (1, 3, 1) to
2,-1,4)

49-50 Find the work done by the force field

4
F(x,y) = i+ j

on a particle that moves along the curve C shown in the figure.

49. AY 50. AY
d (Ov 4)
- (6, 3)
Y
& A
4,0 i
xdy —ydx
54. Evaluate the integral / #,whereC is the circle
_c  Xx%2+y?

x? + y? = a? traversed counterclockwise.

55. Suppose that a particle moves through the force field
F(x, y) = xyi + (x — y)j from the point (0, 0) to the point
(1, 0) along the curve x = ¢, y = At(1 — t). For what value
of A will the work done by the force field be 1?

56. A farmer weighing 150 Ib carries a sack of grain weighing
20 Ib up a circular helical staircase around a silo of radius
25 ft. As the farmer climbs, grain leaks from the sack at
a rate of 1 Ib per 10 ft of ascent. How much work is per-
formed by the farmer in climbing through a vertical distance
of 60 ft in exactly four revolutions? [Hint: Find a vector
field that represents the force exerted by the farmer in lifting
his own weight plus the weight of the sack upward at each
point along his path.]



