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As shown in Figure 15.5.2, we divide o into n very small patches o1, 02, . .., 0, with

areas AS|, AS,, ..., AS,, respectively. Let (x, y, z;) be a sample point in the kth (X’;f, y;; Z}:)

patch with AM; the mass of the corresponding section.
o If the dimensions of o} are very small, the value of f will not vary much along the Area AS;

kth section and we can approximate f along this section by the value f(x}, y{, zj).

It follows that the mass of the kth section can be approximated by

AMy =~ f(xg, v ) AS oy
® The mass M of the entire lamina can then be approximated by
M=) AMy~ ) f(x i i) AS )
k=1 k=1

e We will use the expression n — o to indicate the process of increasing » in such a
way that the maximum dimension of each patch approaches 0. It is plausible that the g
error in (1) will approach 0 as n — o and the exact value of M will be given by A Figure 15.5.2

M= lim 3 G 30 2DAS; @)
k=1

The limit in (2) is very similar to the limit used to find the mass of a thin wire [Formula (2)
in Section 15.2]. By analogy to Definition 15.2.1, we make the following definition.



15.5.1 pEFINITION If 0 is a smooth parametric surface, then the surface integral
of f(x,y,z) over o is

f f fGe.y,2)dS = lim 3 f(xi, yi. ) AS; 3)
- k=1

provided this limit exists and does not depend on the way the subdivisions of o are made
or how the sample points (x, y;, z;) are chosen.
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» Example 3 Evaluate the surface integral

f]

o

where o is the part of the cone z = \/x2 + y? that lies between the planes z = 1 and z = 2
(Figure 15.5.4).

Solution. We will apply Formula (8) with
=g, ) =vx2+y? and f(x,y,2) =2

Thus,
0z 9 d 0z y
— an —
ax /x2+y2 ay /x2+y2
SO

3z \ 3z \
Y+ (Z) +1=v2
ax dy

(verify), and (8) yields

// 248 = // (V*2+y2)’V2dA = «/_// 2(x2 + y%) dA

where R is the annulus enclosed between x> 4 y> = 1 and x2 + y?> = 4 (Figure 15.5.4).
Using polar coordinates to evaluate this double integral over the annulus R yields

27 2
// y*22dS = ﬁ/ / (r sin0)*>(r*)r dr do
0 1

o

—
NS}

2 2
=f2f /r5sin29drd9
0 1
[ 2 }"6 . 2 21 2 5 a
= 2/ [—sin 0i| dG:—/ sin“ 6 doO
0 6 r=1 \/E 0
z
z=2
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\/ Evaluate the surface integral
/ flx,y,2)dS

1. f(x,y,z) = 7% o is the portion of the cone z = /x2 + y2
between the planes z = 1 and z = 2.

2. f(x,y,z) = xy;oistheportionoftheplanex + y +z =1
lying in the first octant.

3. f(x,y,z) = x%y; o is the portion of the cylinder
x? 4 z% = 1 between the planes y = 0, y = 1, and
above the xy-plane.

4. f(x,y,z) = (x* 4+ y»z; o is the portion of the sphere
x2 + y% + z2 = 4 above the plane z = 1.

5. f(x,y,z) =x —y —z; o is the portion of the plane
x 4+ y = 1 in the first octant between z =0 and z = 1.

6. f(x,y,z) = x + y; o is the portion of the plane
z = 6 — 2x — 3y in the first octant.

7. f(x,y,z) =x+y+z; o is the surface of the cube de-
fined by the inequalities 0 <x < 1,0<y <1,0<z < 1.
[Hint: Integrate over each face separately.]

8. f(x,y,2) = x2 + y2; o is the surface of the sphere
2

x2+ y2 +2=d%
True-False Determine whether the statement is true or
false. Explain your answer.

9. If f(x,y,z) > 0ono, then

/ff(x,y,z)dSZO

10. If o has surface area S, and if
/ f(x,y,2)dS =S8

(2
then f(x, y, z) is equal to 1 identically on o.

11. If o models a curved lamina, and if f(x, y, z) is the density
function of the lamina, then

/ f(x,y,2)dS

o

represents the total density of the lamina.

12. If o is the portion of a plane z = ¢ over a region R in the
xy-plane, then

ff(x,y,z)dS:/ f(x,y,c)dA

o R
for every continuous function f on o.

13-14 Sometimes evaluating a surface integral results in an im-
proper integral. When this happens, one can either attempt to
determine the value of the integral using an appropriate limit
or one can try another method. These exercises explore both
approaches.

13. Consider the integral of f(x, y, z) = z + 1 over the upper

hemisphere o: z = /1 —x2 — y2 (0 < x* +y2 < 1).

(a) Explain why evaluating this surface integral using (8)
results in an improper integral.

(b) Use (8) to evaluate the integral of f over the surface
0,:2=4/1—-x2—y2 (0 <x?+4y?><r?<1). Take
the limit of this result as » — 1~ to determine the inte-
gral of f overo.

(c) Parametrize o using spherical coordinates and evalu-
ate the integral of f over o using (6). Verify that your
answer agrees with the result in part (b).

14. Consider the integral of f(x, y,z) = /x> + y? + z? over
theconeo : z=/x24+y2(0<z<1).

(a) Explain why evaluating this surface integral using (8)
results in an improper integral.

(b) Use (8) to evaluate the integral of f over the surface
o, :z2=1/x24+y2 (0 <r? <x*+y?><1). Take the
limit of this result as »r — 0" to determine the integral
of f overo.

(c) Parametrize o using spherical coordinates and evalu-
ate the integral of f over o using (6). Verify that your
answer agrees with the result in part (b).

FOCUS ON CONCEPTS

15-18 In some cases it is possible to use Definition 15.5.1

along with symmetry considerations to evaluate a surface in-

tegral without reference to a parametrization of the surface.

In these exercises, o denotes the unit sphere centered at the

origin.

15. (a) Explain why it is possible to subdivide o into
patches and choose corresponding sample points
(x5 y¢» z¢) such that (i) the dimensions of each
patch are as small as desired and (ii) for each sam-
ple point (x, y{, z;), there exists a sample point
(x;f, y;-‘, zjf) with

X = —xj,

and with AS;, = AS;.

(b) Use Definition 15.5.1, the result in part (a), and the
fact that surface integrals exist for continuous func-
tions to prove that [ x"dS = 0 for n an odd pos-
itive integer.

Yk =DYj» Zk=2j

16. Use the argument in Exercise 15 to prove that if f(x)
is a continuous odd function of x, and if g(y, z) is a
continuous function, then

/f fx)g(y,2)dS =0

17. (a) Explain why

//x2d5=//y2d5=f/zzd5 (cont)

o o o




(b) Conclude from part (a) that

/fﬁds:% .{/xzds-i-//yzdS—i—[/yzdS

o o o

(c) Use part (b) to evaluate

=

o
without performing an integration.

18. Use the results of Exercises 16 and 17 to evaluate

/ (x = y)?dS

o

without performing an integration.

J Set up, but do not evaluate, an iterated integral equal to
i

e given surface integral by projecting o on (a) the xy-plane,
(b) the yz-plane, and (c) the xz-plane.

-~
;‘e\\«l,& / / xyzdS, where o is the portion of the plane

o

21.

o

2x 4+ 3y 4 4z = 12 in the first octant.

/ / xzdS, where o is the portion of the sphere
o

x? 4 y? + 72 = 4 in the first octant.

Use a CAS to confirm that the three integrals you obtained
in Exercise 19 are equal, and find the exact value of the
surface integral.

22. Try to confirm with a CAS that the three integrals you ob-
tained in Exercise 20 are equal. If you did not succeed, what

was the difficulty?

v

Set up, but do not evaluate, two different iterated inte-
grals equal to the given integral.

23. / / xyzdS, where o is the portion of the surface y? = x

between the planesz =0,z =4,y =1,and y = 2.

24. // x2y dS, where o is the portion of the cylinder

y% + 22 = a? in the first octant between the planes
x=0,x=9,z=y,and z = 2y.
25. Use a CAS to confirm that the two integrals you obtained in
Exercise 23 are equal, and find the exact value of the surface
integral.

26. Use a CAS to find the value of the surface integral

f]xzyzds

o

where the surface o is the portion of the elliptic paraboloid
7z =5 — 3x% — 2y that lies above the xy-plane.

l/‘ 27—2; Find the mass of the lamina with constant density &.

27. The lamina that is the portion of the circular cylinder

x2 + 72 = 4 that lies directly above the rectangle
R={(x,y):0<x <1,0 <y <4} in the xy-plane.

28.

J 29

The lamina that is the portion of the paraboloid
2z = x? + y? inside the cylinder x> + y? = 8.
Find the mass of the lamina that is the portion of the surface

y? =4 — z between the planes x =0, x =3, y =0, and
y = 3 if the density is 8 (x, y, z) = y.

Find the mass of the lamina that is the portion of the cone
z =/x2+ y2 between z = 1 and z = 4 if the density is
5(x,y,2) = x2z.

/ 30.

/3L
/ 32

If a curved lamina has constant density &y, what relationship
must exist between its mass and surface area? Explain your
reasoning.

Show that if the density of the lamina x? + y? + z> = a? at
each point is equal to the distance between that point and
the xy-plane, then the mass of the lamina is 27a’.

/ l 33-34 ’The centroid of a surface o is defined by

[«

o

area of o

[

[

areaof o’

[f

o

areaof o’

Find the centroid of the surface.
33. The portion of the paraboloid z = %(x2 + y?) below the
plane z = 4.

34. The portion of the sphere x> + y* + z? = 4 above the plane
z=1

m Evaluate the integral [ f(x, y,z) dS over the surface
o represented by the vector-valued function r(u, v).

35. f(x,y,z) =xyz; r(u,v) = ucosvi+ usinvj+ 3uk
(I1=u<2 0<v=n/2)

il
36. f(x,y,2) = ; r(u,v) =2cosvi+uj+2sinvk
(1=<u=<30=<v=2n)
1
37. f(x,y,2) =

JIFax? +4y?
r(u, v) = ucos vi+ usinvj + u?k
O<u<sinv, 0<v=<m)

38. flx,y,z0)=e"5
r(u,v) =2sinucosvi+ 2sinu sinvj + 2 cos uk

O<u<n/2,0<v<2n)

[c] 39.

Use a CAS to approximate the mass of the curved lamina
z = e 7Y that lies above the region in the xy-plane en-
closed by x% + y?> =9 given that the density function is

8(x, y,2) = /x2+ y2.



