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George Green (1793-1841) English mathematician and physicist.
Green left school at an early age to work in his father’s bakery
and consequently had little early formal education. When his fa-
ther opened a mill, the boy used the top room as a study in which
he taught himself physics and mathematics from library books. In
1828 Green published his most important work, An Essay on the
Application of Mathematical Analysis to the Theories of Electricity
and Magnetism. Although Green’s Theorem appeared in that paper,
the result went virtually unnoticed because of the small pressrun
and local distribution. Following the death of his father in 1829,
Green was urged by friends to seek a college education. In 1833,
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after four years of self-study to close the gaps in his elementary
education, Green was admitted to Caius College, Cambridge. He
graduated four years later, but with a disappointing performance on
his final examinations—possibly because he was more interested in
his own research. After a succession of works on light and sound,
he was named to be Perse Fellow at Caius College. Two years later
he died. In 1845, four years after his death, his paper of 1828 was
published and the theories developed therein by this obscure, self-
taught baker’s son helped pave the way to the modern theories of
electricity and magnetism.
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VQUICK CHECK EXERCISES 15.4

(See page 1129 for answers.)

. If C is the square with vertices (%1, £1) oriented counter-
clockwise, then

/—ydx—f—xdy:—
c

2. If C is the triangle with vertices (0, 0), (1, 0), and (1, 1)
oriented counterclockwise, then

/2xydx+(x2+x)dy:_
¢

EXERCISE SET 15.4 [c] cas

3. If C is the unit circle centered at the origin and oriented
counterclockwise, then

/(y3—y—x)dx+(x3+x+y)dy:—
C

4. What region R and choice of functions f(x, y) and g(x, y)
allow us to use Formula (1) of Theorem 15.4.1 to claim that

1 J1=x2 /2
/ / (2x +2y)dydx = / (sin® t + cos® 1) dt?
o Jo 0

/ @Evaluate the line integral using Green’s Theorem and check
the answer by evaluating it directly.

1. y2 dx + x* dy, where C is the square with vertices (0, 0),

6~

(1,0), (1, 1), and (0, 1) oriented counterclockwise.

2. ydx + x dy, where C is the unit circle oriented coun-

9)

terclockwise.

3-13 |Use Green’s Theorem to evaluate the integral. In each
exercise, assume that the curve C is oriented counterclockwise.

3 % 3xydx + 2xy dy, where C is the rectangle bounded by

a

x=-2,x=4,y=1,andy =2.
4 %(x2 — y?)dx + x dy, where C is the circle x2 + y?> = 9.

[9)

% xcosydx — ysinxdy, where C is the square with ver-
tices (0, 0), (r/2, 0), (7/2, 7/2), and (0, 7r/2).

a

5.

6. f y tan® x dx + tan x dy, where C is the circle
c
X+ +1)2=1
7. f (x* — y)dx + x dy, where C is the circle x2 + y* = 4.
c

8. % (€ + y*)dx + (&' +x%)dy, where C is the boundary
c

of the region between y = x? and y = x.

9. In(1+y)dx — % dy, where C is the triangle with
c
vertices (0, 0), (2, 0), and (0, 4).
10. ¢ x%y dx — y*x dy, where C is the boundary of the region
c

in the first quadrant, enclosed between the coordinate axes
and the circle x* 4 y? = 16.

2x
1+ y?
vertices (0, 0), (1,0), (1, 1), and (0, 1).

11. tan~! y dx — dy, where C is the square with
c



12. % cos x siny dx + sinx cos ydy, where C is the triangle
wC{th vertices (0, 0), (3, 3), and (0, 3).

13. % x2ydx + (y + xy*) dy, where C is the boundary of the
recgion enclosed by y = x? and x = y?.

Lct C be the boundary of the region enclosed between
y =x2 and y = 2x. Assuming that C is oriented coun-
terclockwise, evaluate the following integrals by Green’s
Theorem:

(@ ff (6xy — y?) dx ®) f (6xy — y?) dy.
C C

15-18 Jlrue-False Determine whether the statement is true or
false. Explain your answer. (In Exercises 16-18, assume that C
is a simple, smooth, closed curve, oriented counterclockwise.)

15. Green’s Theorem allows us to replace any line integral by a
double integral.

16. If
/ £06, Y dx +gCx, y)dy =0
C

then dg/dx = 3f/dy at all points in the region bounded

by C.
17. It must be the case that
/ xdy >0
c
18. It must be the case that
f e dx +siny’dy =0
c

EK Use a CAS to check Green’s Theorem by evaluating both
integrals in the equation

fe»"dx-i—ye" dy = // [ai(yex) - i(e'v):| dA
c x dy
R

where

(a) Cis the circle x2 4+ y? =1

(b) C is the boundary of the region enclosed by y = x? and
x =y2.

20. In Example 3, we used Green’s Theorem to obtain the area
of an ellipse. Obtain this area using the first and then the
second formula in (6).

/ 21. Use a line integral to find the area of the region enclosed by
the astroid
o \'i\ x=acos’¢, y=asin’¢ 0<¢<2m)
“‘.‘\ ’ — -
22. Use a line integral to find the area of the triangle with ver-

tices (0, 0), (a, 0), and (0, b), where a > 0 and b > 0.
23. Use the formula

1
A:—‘% —ydx +xdy
2 Jc

to find the area of the region swept out by the line from the
origin to the ellipse x = acost, y = bsint if t varies from
=0tot =1ty (0 <ty <2m).

/ 24. Use the formula
1
A= —% —ydx +xdy
2 Jc

to find the area of the region swept out by the line from the
origin to the hyperbola x = a cosht, y = bsinht if f varies
fromt =0tot =1y (tg > 0).

FOCUS ON CONCEPTS

25. Suppose that F(x, y) = f(x, y)i+ g(x, y)j is a vector
field whose component functions f and g have contin-
uous first partial derivatives. Let C denote a simple,
closed, piecewise smooth curve oriented counterclock-
wise that bounds a region R contained in the domain
of F. We can think of F as a vector field in 3-space by
writing it as

F(x,y,2) = f(x, y)i+g(x, y)j + Ok
With this convention, explain why

/F-dr://curlF-de
c
R

Suppose that F(x, y) = f(x, y)i + g(x, y)j is a vector
field on the xy-plane and that f and g have continuous
first partial derivatives with f, = g, everywhere. Use
Green’s Theorem to explain why

/ F-drzf F-dr
Gy [N

where C| and C; are the oriented curves in the accompa-
nying figure. [Note: Compare this result with Theorems
15.3.2 and 15.3.3.]

AY

/26.

G

G

< Figure Ex-26

27. Suppose that f(x) and g(x) are continuous functions
with g(x) < f(x). Let R denote the region bounded by
the graph of f, the graph of g, and the vertical lines
x =a and x = b. Let C denote the boundary of R ori-
ented counterclockwise. What familiar formula results
from applying Green’s Theorem to [,.(—y) dx?

28. In the accompanying figure on the next page, C is a
smooth oriented curve from P (xg, yp) to Q(xy, y;) that
is contained inside the rectangle with corners at the ori-
gin and Q and outside the rectangle with corners at the
origin and P.

(a) What region in the figure has area fc xdy?

(b) What region in the figure has area fc ydx?

(c) Express [.xdy+ [.ydx in terms of the coordi-
nates of P and Q.

(cont.)



(d) Interpret the result of part (c) in terms of the Fun-
damental Theorem of Line Integrals.

(e) Interpret the result in part (c) in terms of integration
by parts.

Qlxy. »1)

< Figure Ex-28

Use Green’s Theorem to find the work done by the force
field F on a particle that moves along the stated path.

29. F(x,y) =xyi+ (%x2 + xy)j; the particle starts at (5, 0),
traverses the upper semicircle x> + y? = 25, and returns to
its starting point along the x-axis.

30. F(x,y) = /yi+ /xj; the particle moves counterclock-
wise one time around the closed curve given by the equa-
tions y =0,x =2, and y = x3/4.

\/ 31. Evaluate ff ydx — x dy, where C is the cardioid
c

r=a(l+cosf) (0<6 <2m

32. Let R be a plane region with area A whose boundary is a
piecewise smooth, simple, closed curve C. Use Green’s
Theorem to prove that the centroid (X, ¥) of R is given by

1

1
2 S 2
— @ x"dy, D dx
34 Y,y y

2A Jc

X =

33— I Use the result in Exercise 32 to find the centroid of the
region.
33. y 34. p

VQUICK CHECK ANSWERS 15.4

3s. y 36. y
(a, b)

\ X X
o

e

37. Find a simple closed curve C with counterclockwise orien-
tation that maximizes the value of

f %yz’dx + (x . %x3) dy
c
and explain your reasoning.

38. (a) Let C be the line segment from a point (a, b) to a point
(¢, d). Show that

/—ydx +xdy =ad — bc
c

(b) Use the result in part (a) to show that the area A of a
triangle with successive vertices (xy, y;), (x2, y2), and
(x3, ¥3) going counterclockwise is

A = 3[(x1y2 — x231)
+ (x2y3 — x3y2) + (X351 — x1y3)]

(c) Find aformula for the area of a polygon with successive
vertices (x1, y1), (X2, ¥2), ..., (xu, yo) going counter-
clockwise.

(d) Use the result in part (c) to find the area of a quadrilat-
eral with vertices (0, 0), (3,4), (—2,2), (—1,0).

39-40 Evaluate the integral . F - dr, where C is the boundary
of the region R and C is oriented so that the region is on the left
when the boundary is traversed in the direction of its orientation.

39. F(x,y) = (x> + y)i+ (4x — cos y)j; C is the boundary of
the region R that is inside the square with vertices (0, 0),
(5,0), (5,5), (0,5) butis outside the rectangle with vertices
(1,1, 3, 1), (3,2), (1,2).

40. F(x,y) = (e7* +3y)i + xj; C is the boundary of the re-
gion R inside the circle x> + y? = 16 and outside the circle
x2—2x+y*=3.

41. Writing Discuss the role of the Fundamental Theorem of
Calculus in the proof of Green’s Theorem.

42. Writing Use the Internet or other sources to find informa-
tion about “planimeters,” and then write a paragraph that de-
scribes the relationship between these devices and Green’s
Theorem.

L8 % Az

4. Ris the region x> +y> <1 (0 < x,0 < y) and f(x, y) = —y%, g(x,y) = x%.



