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(c) Wugnuan y=x" 2n3a (0,0) WU (1,1)
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[ Fear= jol{ﬁ(x(t),y(t)) -% t=[ (i +ej)-G+ e

1
= [, 2tdt =1
0
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[ F-dr= J‘O{F(x(t), (1))
= j'3t2dt =1
0
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VQUICK CHECK EXERCISES 15.3

(See page 1121 for answers.)

1. If C is a piecewise smooth curve from (1, 2, 3) to (4, 5, 6),

ftien fdx+2dy+3dz=7
C

2. If C is the portion of the circle x> + y? = 1 where 0 < x,
oriented counterclockwise, and f(x, y) = ye*, then

/CVf-drzi

EXERCISE SET 15.3 [ cas

3. A potential function for the vector field
F(x,y,2) = yzi+ (xz +2)j+ (xy + y + Dk

is¢(x,y,2) =
4. If a, b, and c are nonzero real numbers such that the vector
field x3 y%i 4+ x” y¢j is a conservative vector field, then

a= b= c=

Determine whether F is a conservative vector field. If so,
find a potential function for it.

1. F(x,y) =xi+yj
F(x, y) = x%yi + 5xy?j

2. F(x, y) = 3y%i + 6xyj

F(x,y) = e“cosyi — e“sinyj
F(x,y)
F(x,y) =xInyi+

= (cosy + ycosx)i+ (sinx — xsin y)j

AL

ylnxj
@In each part, evaluate [.2xy*dx + (14 3x2y?)dy over
the curve C, and compare your answer with the result of
Example 5.
(a) C is the line segment from (1, 4) to (3, 1).
(b) C consists of the line segment from (1, 4) to (1, 1), fol-
lowed by the line segment from (1, 1) to (3, 1).

8.)(a) Show that the line integral [ ysinxdx — cosxdy is
independent of the path.
(b) Evaluate the integral in part (a) along the line segment
from (0, 1) to (m, —1).
(c) Evaluate the integral f(g_"l_l) ysinx dx —cosxdy us-
ing Theorem 15.3.1, and confirm that the value is the
same as that obtained in part (b).

9-14_phow that the integral is independent of the path, and use
Theorem 15.3.1 to find its value. wm ¢

(4.0)
9. / 3ydx +3xdy
(1.2)

(1,7/2)
10. / e*sinydx + e* cosydy
(

0.0)

(3.2)
f 2xe” dx + x°
0.0)

11. e’ dy

0.1)
f Bx—y+1)dx—(x+4y+2)dy
(

-12)

(=1,0)
o / 2xy3dx+3y2x2dy
(2,-2)

(3.3) x
f (e lny——)dx—l—(——e‘lnx)dy, where x
(1,1) X y

and y are positive.

15-18 YConfirm that the force field F is conservative in some
open connected region containing the points P and Q, and then
find the w‘(zr_k done by the force field on a particle moving along
an arbitrary smooth curve in the region from P to Q.

15. F(x,y) = xy%i+ x%yj; P(1, 1), Q(0,0)
16. F(x, y) = 2xy3i + 3x2y2j; P(=3,0),04,1)
17. F(x, y) = ye™i+xe™j; P(—1,1), 0(2,0)

18. F(x, y) =eYcosxi—eVsinxj; P(n/2,1), Q(—n/2,0)
Determme whether the statement is true or

alse. Xp ain your answer.

19. If F is a vector field and there exists a closed curve C such
that fc F - dr = 0, then F is conservative.

20. If F(x, y) = ayi + bxj is a conservative vector field, then
a=hb.

21. If ¢(x, y) is a potential function for a constant vector field,
then the graph of z = ¢(x, y) is a plane.

. If f(x, y) and g(x, y) are differentiable functions defined on
thexy -plane, and if f,(x, y) = g.(x, y) forall (x, y), then
there exists a function ¢ (x, y) such that ¢, (x, y) = f(x, y)
and ¢y (x, y) = g(x, y).

~24 Find the exact value of |, ¢ F - dr using any method.
F(x,y) = (e + ye")i+ (xe’ +e€%)j
C:r(t) =sin(nt/2)i+Intj (1<t<2)

@F(x, y) = 2xyi+ (x2 4 cos y)j

C:r(t)=ti+tcos(t/3)j (0<t<mn)

[c] 25. Use the numerical integration capability of a CAS or other
calculating utility to approximate the value of the integral

in Exercise 23 by direct integration. Confirm that the nu-
merical approximation is consistent with the exact value.

[] 26. Use the numerical integration capability of a CAS or other
calculating utility to approximate the value of the integral
in Exercise 24 by direct integration. Confirm that the nu-
merical approximation is consistent with the exact value.
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FOCUS ON CONCEPTS

27-28 Is the vector field conservative? Explain.
27. 28.

y ¥
DA NENEEEENEEN
A NENENNVENE NN

/750 SN\ SENENEN AR NN

RN - x
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L= /;/ AR
L\ //// NENENENENENENRY
N R RN

29. Suppose that C is acircle in the domain of a conservative
nonzero vector field in the xy-plane whose component
functions are continuous. Explain why there must be at
least two points on C at which the vector field is normal
to the circle.

30. Does the result in Exercise 29 remain true if the circle
C is replaced by a square? Explain.

31. Prove: If

F(x,y,2) = f(x,y, i+ g(x, y,2)j + h(x, y, )k

is a conservative field and f, g, and h are continuous and

have continuous first partial derivatives in a region, then
af 9dg df oh dg Oh
3y " ax’ 9z ox 9z oy

in the region.

32. Use the result in Exercise 31 to show that the integral

/ yzdx + xzdy + yx*dz
c

is not independent of the path.
ind a nonzero function 4 for which
F(x, y) = h(x)[xsiny + ycos yli
+ h(x)[xcosy — ysinylj

is conservative.
(a) In Example 3 of Section 15.1 we showed that
c

RS

is a potential function for the two-dimensional inverse-

square field

c . .
F(x,y) = W(XH- i)

(x?

but we did not explain how the potential function
¢(x, y) was obtained. Use Theorem 15.3.3 to show

VQUICK CHECK ANSWERS 15.3

that the two-dimensional inverse-square field is conser-
vative everywhere except at the origin, and then use the
method of Example 4 to derive the formula for ¢ (x, y).
(b) Use an appropriate generalization of the method of Ex-
ample 4 to derive the potential function
c
A g ST
for the three-dimensional inverse-square field given by
Formula (5) of Section 15.1.

35-36 Use the result in Exercise 34(b).

35.

37

.

38

39.

40.

41.

In each part, find the work done by the three-dimensional
inverse-square field

F(r) = —
© ="

on a particle that moves along the curve C.
(a) C is the line segment from P(1,1,2)to Q(3,2,1).
(b) C is the curve
rt) =2+ Di+E +Dj+ 2 —Vk
where 0 <t < 1.
(c) C is the circle in the xy-plane of radius 1 centered at
(2,0, 0) traversed counterclockwise.

y . X
LetF(x, y) = ———i —
(x, ) P x2+y2']
(a) Show that
F-dr # F-dr
ol [

if C; and C, are the semicircular paths from (1, 0) to

(—1, 0) given by
C) : x = cost, O=<t=<mn

O=<t=m

(b) Show that the components of F satisfy Formula (9).

(c) Do the results in parts (a) and (b) contradict Theorem
15.3.3? Explain.

Prove Theorem 15.3.1 if C is a piecewise smooth curve

composed of smooth curves Cy, Ca, ..., C,.

Prove that (b) implies (c) in Theorem 15.3.2. [Hint: Con-

sider any two piecewise smooth oriented curves C; and C,

in the region from a point P to a point Q, and integrate

around the closed curve consisting of C; and —C>.]

y =sint

Cy:x =cost, y=—sint

Complete the proof of Theorem 15.3.2 by showing that
9¢/dy = g(x, y), where ¢ (x, y) is the function in (7).

Writing Describe the different methods available for evalu-
ating the integral of a conservative vector field over a smooth
curve.

Writing Discuss some of the ways that you can show a
vector field is not conservative.

.18 2.2 3.

xyz+yz+z 4.6,6,5



