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» Example 3 Use a polar double integral to find the area enclosed by the three-petaled
rose r = sin 36.

r=sin 30 %m‘) \’1 =0 t\ﬁoj

v, = Sin1® Lan)d

01:0 = gz‘?

Tro® Jin38-=0

30 = o7 27,37
=07 27,7
6 -1 T =930 3 3

R= ”Ldl\ :3[ 7 fr&ra[e

R @:=0 V=o
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CONVERSION FORMULAS RESTRICTIONS
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(Triple Integrals in Cylindrical and Spherical Coordinates)
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1 This is the portion of the sphere of radius pg
that lies in the first octant.

X
p varies from 0 to ¢ varies from 0 to 6 varies from 0 to
po With 6 and ¢ 7/2 with 6 held /2.
held fixed. fixed.

01 ¢:'§ Sf.

‘ ; S : k'f)0,4)fﬁ3l'n¢0lr on de

G:0 $:0 f30

g This ice-cream-cone-shaped solid is cut from

the sphere of radius p, by the cone ¢ = ¢,

z z z
h\/ |
Po f
4 Y Y
¥ x X X
p varies from 0 to ¢ varies from 0 to 0 varies from 0 to
po With 6 and ¢ ¢ with 6 held 27.
held fixed. fixed.
oY

[ [ kpeo g

-0 4:0 )



This solid is cut from the sphere of radius pgy by
two cones, ¢ = ¢; and ¢ = ¢,, where ¢; < .

5>
x/ x

P1

A Z AZ

4 4
X X
p varies from 0 to ¢ varies from ¢, 0 varies from 0 to
po With 6 and ¢ to ¢, with 6 held 27,
held fixed. fixed.

spheres, p = p;and p = p,, where p; < p,.

zZ

This solid is enclosed between two concentric (/TY%/ ')
4

X X
p varies from p; ¢ varies from 0 to 0 varies from 0 to
to p, with 6 and 7 with 6 held 2r.

¢ held fixed.

fixed.



This solid is enclosed laterally by the cone ¢ = ¢, where (%l)

0 < ¢, <7/2, and on top by the horizontal plane z = a.
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X

p varies from 0 to
asec ¢ with 0
and ¢ held fixed.

zZ AZ
S
|
| |
[ |
| |
| [
| |
' y ' y
X X
¢ varies from 0 to 6 varies from 0 to
¢ with 6 held 2m.

fixed.
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VQUICK CHECK EXERCISES 14.6

(See page 1058 for answers.)

‘/f (a) The cylindrical wedge 1 <r <3,7/6 <6 < n/2,
0<z<5hasvolumeV =___ |
(b) The spherical wedge 1 < p < 3,7/6 <8 < n/2,
0 < ¢ < /3 has volume V =
VZ. Let G be the solid region inside the sphere of radius 2 cen-
tered at the origin and above the plane z = 1. In each part,
supply the missing integrand and limits of integration for
the iterated integral in cylindrical coordinates.
(a) The volume of G is

/fde=/f/_dzdrde
m] o [m]
G
(b) —*  _av
x24y2 422
G [LL

IE CAS

— dzdrdb

EXERCISE SET 14.6

/. Let G be the solid region described in Quick Check Exercise
2. In each part, supply the missing integrand and limits of
integration for the iterated integral in spherical coordinates.
(a) The volume of G is

/!/dV:/lijDD/DD—dpdqﬁde
oy p——
G
[ LL

__ dpdgds

1-4 Evaluate the iterated integral.

2 pl pd1=12
Jl. / / / zrdzdr df
o Jo Jo

/2 pcos@® pr?
V2 / / / rsind dzdr 6
0 0 0
/2 /2 1
. f f / p>sin¢ cos ¢ dp dp db
0 0 0

27 /4 asece
A f / / o2 singdpdpdd (a > 0)
0 0 0

5. Sketch the region G and identify the function f so that

/f f(r,0,2)dV
G

corresponds to the iterated integral in Exercise 1.
6. Sketch the region G and identify the function f so that

]Z/ f(r,0,2)dV

corresponds to the iterated integral in Exercise 2.
7. Sketch the region G and identify the function f so that

/G/ £p,6,$)aV

corresponds to the iterated integral in Exercise 3.

8. Sketch the region G and identify the function f so that

/f Fp.6,$)dV
G

corresponds to the iterated integral in Exercise 4.

9-12 Use cylindrical coordinates to find the volume of the solid.

A. The solid enclosed by the paraboloid z = x> + y? and the
plane z = 9.

/10. The solid that is bounded above by the sphere x* + y? +

\/x2 + )72.
. The solid that is inside the surface r* + z> = 20 but not

above the surface z = r2.

z? = 1 and below by the cone z =

2. The solid enclosed between the cone z = (hr)/a and the
plane z = h.

13-16 Use spherical coordinates to find the volume of the solid.

(/13. The solid bounded above by the sphere p = 4 and below by

the cone ¢ = 7/3.

14. The solid within the cone ¢ = 7/4 and between the spheres

p=1land p =2.

1/15. The solid enclosed by the sphere x2 + y? + z2 = 4a® and

the planes z = 0 and z = a.

Vi6. The solid within the sphere x? + y? 4 z? = 9, outside the

cone z = /x2 + y2, and above the xy-plane.



17-20 Use cylindrical or spherical coordinates to evaluate the
integral.

a \/m 0274\'27‘\'2
J11. / / / Pdvdydx (as:0)
0 0 0

S, / / / D g2 gy

/ VA paf8xy?

19. // / dzdxdy
x-H

/ 9(7)

20. // / Vx2+y?+z2dzdxdy
9\'—\

Ky

false. Explain your answer.

=24 True-False Determine whether the statement is true or

21. A rectangular triple integral can be expressed as an iterated

integral in cylindrical coordinates as

T o [

appropriate
limits

f(rcos®, rsind, 2)r’dzdr do

22. f0<p1 <p2,0<6, <6, <2m,and 0 < ¢ < pp <7,

then the volume of the spherical wedge bounded by the
spheres p = p; and p = p,, the half-planes # = 6, and
6 = 6,, and the cones ¢ = ¢, and ¢ = ¢, is

b phr e
[ f / p2singdpdg do
6, L Jo

23. Let G be the solid region in 3-space between the spheres

of radius 1 and 3 centered at the origin and above the cone
7z = v/x2 + y2. The volume of G equals

/4 27 3
/ / / psingdpdb de
0 0 1

24. If G is the solid in Exercise 23 and f(x, y, z) is continuous

on G, then

/4 p2m p3

f/ f(x,y,z)dV=/ /fF(p,9,¢)p2sin¢dpd9d¢
0 0 1

G

where F(p,0,¢) = f(psingsinb, psingcosb, p cos ).

[c] 25. (a) Use a CAS to evaluate

rtan” 6
dOdrdz

[ L

(b) Find a function f(x, y,z) and sketch a region G in
3-space so that the triple integral in rectangular coor-

dinates
// fx,y,2)dV
G

matches the iterated integral in cylindrical coordinates
given in part (a).

[] 26.

27.

28.

29.

30.

31.

Use a CAS to evaluate

n/2 pnr/4 pcosé
/ / f p'7 cospcos'® 0 dp de do
0 0 0

Find the volume enclosed by x? + y? + z = a? using
(a) cylindrical coordinates
(b) spherical coordinates.

Let G be the solid in the first octant bounded by the sphere
x? 4+ y? + 72 = 4 and the coordinate planes. Evaluate

/G//xyzdv

(a) using rectangular coordinates
(b) using cylindrical coordinates
(c) using spherical coordinates.

Find the volume of the solid in the first octant bounded by the
sphere p = 2, the coordinate planes, and the cones ¢ = /6
and ¢ = /3.

In this exercise we will obtain a formula for the volume of

the spherical wedge illustrated in Figures 14.6.7 and 14.6.9.

(a) Use a triple integral in cylindrical coordinates to show
that the volume of the solid bounded above by a sphere
p = po, below by a cone ¢ = ¢, and on the sides by
6 =6,and b =6, (6, < b,)is

V= %pg(l — cos ¢g) (B, — 6y)

[Hint: In cylindrical coordinates, the sphere has the
equation r2 + z? = p2 and the cone has the equation
z =rcot¢y. For simplicity, consider only the case
0 < ¢o < 7/2.]

(b) Subtract appropriate volumes and use the result in part
(a) to deduce that the volume AV of the spherical wedge
is

P — P}
AV =22 = L(cos ¢, —cos¢)(6, —6))
(c) Apply the Mean-Value Theorem to the functions cos ¢

and p? to deduce that the formula in part (b) can be
written as

AV = p*2sin¢* Ap Ap AP

where p* is between p; and p,, ¢* is between ¢; and

¢, and Ap = py — p1, Ap =Py — ¢1, A0 =60, — 0.
Writing Suppose that a triple integral is expressed in
cylindrical or spherical coordinates in such a way that the
outermost variable of integration is 6 and none of the limits
of integration involves 6. Discuss what this says about the
region of integration for the integral.
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