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B FAMILIES OF LINES AND RAYS THROUGH THE POLE

If 6y is a fixed angle, then for all values of r the point (r, 8y) lies on the line that makes
an angle of & = 6y with the polar axis; and, conversely, every point on this line has a pair
of polar coordinates of the form (r, 6y). Thus, the equation 8 = 6, represents the line that
passes through the pole and makes an angle of 6y with the polar axis (Figure 10.2.17a).
If r is restricted to be nonnegative, then the graph of the equation 6 = 6, is the ray that
emanates from the pole and makes an angle of 6y with the polar axis (Figure 10.2.17b).
Thus, as 6y varies, the equation 6 = 6y produces either a family of lines through the pole
or a family of rays through the pole, depending on the restrictions on r.

/2 /2

0 =0, 0=0, (r=0)

(a) (b)
A Figure 10.2.17

B FAMILIES OF CIRCLES
We will consider three families of circles in which a is assumed to be a positive constant:

r=a r = 2acosf r =2asinf (3-5)

The equation r = a represents a circle of radius a centered at the pole (Figure 10.2.18a).
Thus, as a varies, this equation produces a family of circles centered at the pole. For families
(4) and (5), recall from plane geometry that a triangle that is inscribed in a circle with a di-
ameter of the circle for a side must be a right triangle. Thus, as indicated in Figures 10.2.18b
and 10.2.18c¢, the equation r = 2a cos 6 represents a circle of radius a, centered on the x-axis
and tangent to the y-axis at the origin; similarly, the equation r = 2a sin 6 represents a circle
of radius a, centered on the y-axis and tangent to the x-axis at the origin. Thus, as a varies,
Equations (4) and (5) produce the families illustrated in Figures 10.2.18d and 10.2.18e.

/2 /2 /2 /2 /2

0
0 P 0 r 0
[’}
0 0
r=a r=2acosf r=2asin @ r=2acosf r=2asinf

@ @) © (d) €
A Figure 10.2.18

P(r, 6)
9 P(r, 6)




B FAMILIES OF ROSE CURVES
In polar coordinates, equations of the form

\ r = asinn6 r = acosnf (6-7)

in which @ > 0 and n is a positive integer represent families of flower-shaped curves called
roses (Figure 10.2.19). The rose consists of n equally spaced petals of radius a if n is odd
and 2n equally spaced petals of radius a if n is even. It can be shown that a rose with an
even number of petals is traced out exactly once as 6 varies over the interval 0 < 6 < 2x
and a rose with an odd number of petals is traced out exactly once as 6 varies over the
interval 0 < 6 < 7 (Exercise 78).

ROSE CURVES

CEEE Ex

=k #

A Figure 10.2.19

B FAMILIES OF CARDIOIDS AND LIMACONS
Equations with any of the four forms

r=q:l:bsin9 r=azxbcosH (8-9)

in which a > 0 and b > 0 represent polar curves called limagons (from the Latin word
limax for a snail-like creature that is commonly called a “slug”). There are four possible
shapes for a limagon that are determined by the ratio a/b (Figure 10.2.20). If a = b (the
case a/b = 1), then the limagon is called a cardioid because of its heart-shaped appearance,
as noted in Example 8.

OO0

a/b<1 alb=1 l<alb<?2 alb =2

Limagon with

inner loop Cardioid Dimpled limagon Convex limagon

P Figure 10.2.20
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21-46 Sketch the curve in polar coordinates.
3n

/21 0=% /2.0=-7  /3.r=3
s24. r =4cos® /25 r=6sing V 26.r—2=2cos0
/27. r =3(1 +sin0) 7/ 28. r=5—15sin6
/29' r=4—4cos6 /30. r=1+2sin6
3L r=—1—cos6 /32 r=443cos0
/33, r =3 —sin0 / 34. r =3 +4cosh
v35. r —5=23sin6 7/36. r =5—2cosf
l/37. r=-—3—4sin6 38. r2 =cos26

39. r2 = 16sin26 40. r =46 (0 >0)

41. r =46 (6 <0) 42. r =46

43. r = —2cos 260 44. r = 3sin 26

45. r = 9sin46 46. r = 2 cos 360

47-50 True-False Determine whether the statement is true or
false. Explain your answer.

47. The polar coordinate pairs (—1, 7/3) and (1, —27/3) de-
scribe the same point.

48. If the graph of r = f(f) drawn in rectangular Or-
coordinates is symmetric about the r-axis, then the graph
of r = f(0) drawn in polar coordinates is symmetric about
the x-axis.

X 49. The portion of the polar graph of r = sin 26 for values of 8
between /2 and 7 is contained in the second quadrant.

50. The graph of a dimpled limagon passes through the polar
origin.
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(Double Integrals in Polar Coordinates)
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VQUICK CHECK EXERCISES 14.3

(See page 1025 for answers.)

1. The polar region inside the circle r = 2 sin § and outside the
circler = 1isasimple polar region given by the inequalities

=rs <6<

2. Let R be theregion in the first quadrant enclosed between the
circles x2 + y?> = 9 and x2 4 y? = 100. Supply the miss-
ing limits of integration.

o o
/ £(r,0)dA = / / f(r,0)r dr do
[m} a

R

EXERCISE SET 14.3

3. Let V be the volume of the solid bounded above by the
hemisphere z = +/1 — r2 and bounded below by the disk
enclosed within the circle » = sin 6. Expressed as a double
integral in polar coordinates, V =

4. Express the iterated integral as a double integral in polar
coordinates.

1 x 1 )
——)dydx=_____
/wi /‘/—Hz (x2 v )

1-6 Evaluate the iterated integral.

w/2  psind
1. / / rcos6drdb
0 0
n/2 pasin@
3. / / r2drdf
0 0
n/6 pcos36
4. / / rdrdf
0 0
T 1—sin@
5. / / r2cos6 dr de
o Jo
w/2 pcosé
6. f / r3drdo
0 0

7-10 Use a double integral in polar coordinates to find the area
of the region described.

b4 I+cos 6
2. / / rdrdf
0 0

7. The region enclosed by the cardioid r = 1 — cos 6.
8. The region enclosed by the rose r = sin 26.

9. The region in the first quadrant bounded by » = 1 and
r =sin20, with w/4 < 6 < /2.

10. The region inside the circle x? 4+ y? = 4 and to the right of
the line x = 1.

FOCUS ON CONCEPTS

11-12 Let R be the region described. Sketch the region R
and fill in the missing limits of integration.

[m] a
/ F(r,0)dA = / / F(r,0)r dr d6
Il [m}

R
11. The region inside the circle r = 4 sin 6 and outside the
circle r = 2.

12. The region inside the circle r = 1 and outside the car-
dioid r = 1 4 cos 6.

13-16 Express the volume of the solid described as a double
integral in polar coordinates.

13. 2

[T

Inside of ¥ + 2+ 2 =9 Below z= V2 + 52
Outside of x*+* = 1 Inside of x> + y% = 2y
Above z=0

15.

A

Ve T a T v i T iiIiaS

.

Below z=1- x> — y? Below z= (x% + y2)~12
Inside of x> + > —x=0 Outside of ¥ + 3% = 1
Above z=0 Inside of X2 +y? =9

Above z=0

17-20 Find the volume of the solid described in the indicated
exercise.

17. Exercise 13 18. Exercise 14

19. Exercise 15 20. Exercise 16

21. Find the volume of the solid in the first octant bounded
above by the surface z = rsinf, below by the xy-plane,
and laterally by the plane x = 0 and the surface r = 3 sin 6.

22. Find the volume of the solid inside the surface r? 4+ z2 = 4
and outside the surface r = 2 cos 6.

23-26 Use polar coordinates to evaluate the double integral.



23. f / sin(x? + y?) dA, where R is the region enclosed by the

R
circle x> + y2 = 9.
24. / V9 —x2 — y2dA, where R is the region in the first

quadrant within the circle x> 4+ y*> = 9.

1
25. / / —————— dA, where R is the sector in the first quad-
1+ x24y?

R
rant bounded by y = 0, y = x, and x> + y? = 4.
26. / / 2ydA, where R is the region in the first quadrant

bounded above by the circle (x — 1)? 4+ y?> = 1 and below
by the line y = x.

27-34 Evaluate the iterated integral by converting to polar co-
ordinates.

1 V1=x2
27.[/ (x* +yHdydx

N s

28. / / e dxdy
/4_
V2x—x2

29./ Vx2+ yrdydx

30. / f cos(x2 +yHdxdy

31. dydx (a>0)
(l +x2 +y2)3/2

32./ / -\/x2+y2dxdy
0 y

33.

4—y? 1
// L dedy
: VI+x24y?
V16—x2
34. // 3xdydx
V16—x2

35-38 True-False Determine whether the statement is true or
false. Explain your answer.

35. The disk of radius 2 that is centered at the origin is a polar
rectangle.

36. If f is continuous and nonnegative on a simple polar region
R, then the volume of the solid enclosed between R and the
surface z = f(r, 0) is expressed as

/ f@r,0)rdA
R

VQUICK CHECK ANSWERS 14.3

37.

38.

39.

40.

41.

42.

43.

44.

45.

If R is the region in the first quadrant between the circles
r =1and r = 2, and if f is continuous on R, then

/2
f f(r,9)dA=[ /f(r 0)dr do
R

The area enclosed by the circle r = sin 8 is given by

2 sin@
= / f rdrdf
o Jo

Use a double integral in polar coordinates to find the volume
of a cylinder of radius a and height h.

Suppose that a geyser, centered at the origin of a polar co-
ordinate system, sprays water in a circular pattern in such
a way that the depth D of water that reaches a point at a
distance of r feet from the origin in 1 hour is D = ke™".
Find the total volume of water that the geyser sprays inside
a circle of radius R centered at the origin.

Evaluate / / x2 dA over the region R shown in the accom-
R
panying figure.

Show that the shaded area in the accompanying figure is
a’¢p — 3a’sin2¢.
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(a) Use a double integral in polar coordinates to find the
volume of the oblate spheroid
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(b) Use the result in part (a) and the World Geodetic System
of 1984 (WGS-84) discussed in Exercise 54 of Section

11.7 to find the volume of the Earth in cubic meters.

Use polar coordinates to find the volume of the solid that is
above the xy-plane, inside the cylinder x> 4+ y>*— ay =0,
and inside the ellipsoid
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Find the area of the region enclosed by the lemniscate

r? = 2a?cos26.
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. Find the area in the first quadrant that is inside the circle

r = 4 sin @ and outside the lemniscate r> = 8 cos 26.
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